INTEGRAL MEANS OF THE DERIVATIVES OF BLASCHKE 

PRODUCTS 



EMMANUEL FRICAIN, JAVAD MASHREGHI 

Abstract. We study the rate of growth of some integral means of the derivatives 
of a Blaschke product and we generalize several classical results. Moreover, wc 
obtain the rate of growth of integral means of the derivative of functions in the 
model subspacc Kb generated by the Blaschke product B. 



1. Introduction 

Let (z n ) n >i be a sequence in the unit disc satisfying the Blaschke condition 



(1.1) £(1 - < °°- 

Then, the product 



n=l 



oc 



Zn. Zn Z 



n=1 - Z n Z 



is a bounded analytic function on the unit disc D with zeros only at the points z n , 
n > 1, page 20]. Since the product converges uniformly on compact subsets of 
D, the logarithmic derivative of B is given by 



B'(z) ^ i _ u 



^(1-2 



|2 



B ( Z ) ^ (1 - Z n Z)(Z - Z n ) 
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Therefore, 

(1.2) |i?V")l<E ^ (re-GD). 

n=l 

If (11.11) is the only restriction we put on the zeros of B, we can only say that 

-2-7T 00 p2n 



/ \B\re^)\d6 < ^(l-|, n | 2 ) / 
Jo 1 Jo 



dB 



n=l 
00 

n=l 



| 1 — z n re ld 1 2 
2tt 



< 



7 (1 - kn| 2 r 2 ) 

r =1 (i - w) 



(l-r) 
which implies 

(1.3) / |£'(re i0 )|d0 = -^L ( r - 1). 

Jo 1 — r 

However, assuming stronger restrictions on the rate of increase of the zeros of B 
give us more precise estimates about the rate of increase of integral means of B' r as 
r — > 1. The most common restriction is 



;i.4) x>- W) Q <oo 



71=1 

for some a 6 (0, 1). Protas [15] took the first step in this direction by proving the 
following results. 

Let us mention that H p , < p < 00, stands for the classical Hardy space equipped 
with the norm 

° 2 " dO \ * 



and its cousin A?, < p < 00 and 7 > — 1, stands for the (weighted) Bergman space 
equipped with the norm 



P.7 



Jo 



7r/(l+ 7 ) 



1 
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Theorem 1.1 (Protas). I/O < a < | and the Blaschke sequence (z n ) n >i satisfies 
(TO), then B' E E x ~ a . 



Theorem 1.2 (Protas). If < a < 1 and t/ie Blaschke sequence (z n ) n >i satisfies 
n , then B' eA\_ x . 



Then, Ahern and Clark [T] showed that Theorem 11.11 is sharp in the sense that B' 
need not lie in any H p with p > 1 — a. Later on, they also showed that the condition 
5^Li(l — l^nl) 1 / 2 < oo is not enough to imply that B' E H 1 / 2 [2]. At the same time, 
Linden [12] generalized Theorem 11.11 for higher derivatives of B. In the converse 
direction, Ahern and Clark [1] also obtained the following result. 

Theorem 1.3 ( Ahern-Clark) . If \ < p < 1, then there is a Blaschke product B 
with B' E H p , and such that its zeros satisfies 

oo 
n=l 

for all a with < a < (1 — p) . 

However, Cohn [3] proved that for interpolating sequences the two conditions are 
equivalent. 

Theorem 1.4 (Cohn). Let < a < ~, and let (z n )n>i be an interpolating Blaschke 
sequence. Then, B' E H l ~ a if and only if (z n )„>i satisfies fll.^| ). 



Recently, Kutbi [TT] showed that under the hypothesis of Theorem 11.1 
(1-5) r \B\re^de=—^— -, (r - 1), 



o 



'1 _ r \p+a-l 

for any p > 1 — a. In particular, for p — 1, we have 

1^)1 ^=(TT7p 



which is a refinement of (11.31) . 
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Then, Protas p3] proved that the estimate (11.51) is still valid if 1/2 < a < 1, 
p > a and the Blaschke sequence (z n ) n >i satisfies (II. 4p . Finally, Gotoh [7] got an 
extension of Protas's results for higher derivatives of B. 

A Blaschke sequence which satisfies the Carleson condition is called an interpola- 
tion, or Carleson, Blaschke sequence [TUJ page 200]. Let I be an inner function for 
the unit disc. In particular, / could be any Blaschke product. Then, 

Ki := H 2 e IE 2 

is called the model subspace of H 2 generated by the inner function / [HI IH] - Cohn 
[3] obtained the following result about the derivative of functions in Kb- 

Theorem 1.5 (Cohn). Let (z n ) n >i be an interpolating Blaschke sequence, and let 
p G (2/3, 1). Then, B' G H p if and only if f G H 2p ^ p+2 ^ for all f G Kb- 

In this paper, we replace the condition (jl.4p by a more general assumption 

CO 

(1.6) $>(1 



z n < oo, 



n=l 



where h is a positive continuous function satisfying certain smoothness conditions, 
and then we generalize all the preceding results. Since our sequence already satisfies 
the Blaschke condition, (11.61) will provide further information about the rate of 
increase of the zeros only if h(t) > t as t — > 0. 
In particular, we are interested in 

(i.7) hit) = r (log i/tr (iog 2 i/tr ■ • ■ (io g „ i/ty-, 

where a G (0, 1), «i,a 2 , • • • , a n G E, and log n = log log - • - log (n times) 
In the following, we will use the estimates 

° 2 " d9 1 



o 



\l_ re io\u (1-r 



^0 



'l-p 2 )t 1 

pdpdO x — — , 1/ _2> 7 >-l, 



\l-rpe ie \ u (l-r) u ~^' 2 '' 
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as r — > 1~. See [HI page 7]. Both relations can be proved using the fact that 
1 1 — re |x(l — r ) + | # | as r ^ 1 ~ . 

2. An estimation lemma 

In the following we assume that h is a continuous positive function defined on the 
interval (0, 1) with 

lim hit) = 0. 

Our prototype is the one given in (jl.7|) . The following lemma has simple assumptions 
and also a very simple proof. However, it has many interesting applications in the 
rest of the paper. 

Lemma 2.1. Let (r n ) n >i be a sequence in the interval (0, 1) such that 

OO 

n=l 

Let p,q > be such that h(t)/t p is decreasing and h(t)/t p ~ q is increasing on (0, 1). 
Then, 

[l-r n y 0(1) 



oo 



^ a 



~(l-7T n )« (1 - r)i~P h(l -r) 
as r — > Moreover, if 

lim *w = 0, 

then 

y ^-TnY _ 0(1) 

^(l-rr„)9 (1 - r)i-P h(l - r) ' 

Proof. We have 

(1 - r n y ( (1 - r n )P h(l - rr n ) \ f h(l - r n ) 



(1 - rr n )i V h{\ - r n ) (1 - rr n )P J \ (1 - rr n )<? p - rr n ) / ' 
By assumption 

h{\ - rr n ) h(l - r n ) 
(1 - rr n )P ~ (1 - r n )P ' 

and 

(1 - rr n ) q - p h{\ - rr n ) > (1 - r)"~ p h(l - r). 
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Thus, for any n > 1, 

(2.1) < Ml-rn) 



(1 - rr n y ~ (1 - j-)* - * - r) ' 
Given e > 0, fix N such that 



r 

Hence, by f l2~Tj) . 



r n ) < s. 

n=N+l 



f> (1 - = (l-*n) p (l-r B )P 

^{l-rr n y ^{l-rr n )i ^ (l — rr n )i 

n=l v ny n=l v n; ra=JV+l V ny 

£f (l-r)«-f/i(l-r) 
< C N + 



[1 -r)i-Ph{\ -ry 

where Cjv is independent of r. This inequality implies both assertions of the Lemma. 

□ 

The Lemma is still valid if instead of "decreasing" and "increasing" , we assume that 
our functions are respectively "boundedly decreasing" and "boundedly increasing" . 
We say that if is boundedly increasing if there is a constant C > such that 
<p(x) < Cip(y) whenever x < y. Similarly, tp is boundedly decreasing if there is a 
constant C > such that ip(x) > Cip(y) whenever x < y. 

3. H p MEANS OF THE FIRST DERIVATIVE 

In this section we apply Lemma 12.11 to obtain a general estimate for the integral 
means of the first derivative of a Blaschke product. Special cases of the following 
theorem generalize Protas and Kutbi's results. 

Theorem 3.1. Let B be the Blaschke product formed with zeros z n = r n e t9n , n > 1, 
satisfying 



r n ) < oo 

n=l 
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for a positive continuous function h. Suppose that there is q G (1/2,1] such that 
h(t)/t q is decreasing and h{t)/t 1 ~ q is increasing on (0, 1). Then, for any p > q, 

V(re")|'* = (1 _ r ff> (1 _ r) , (r-1). 

Moreover, i/lim t _>o h(t)/t 1 ~ q = 0, then 0(1) can be replaced by o(l). 

Proof. Since q < 1, (11.21) implies 

^'(re^l^^- 

n=l ' 

Hence 



00 '1 - rO« 



(3.1) / \B'(re ie )\ q d6<C V 

(Here we used 2q > 1.) Therefore, by Lemma [2.11 

\B'(re i6 )\ q d9 < 



(1 - r)*- 1 - r) 

Now recall that any function / in is in the Bloch space B pfl, page 44], that is 



sup(l- 1^)1/^)1 <+oo. 



Hence, for any p > q, 



2n -i p2n 

\B'(re ie )\ p d9 < - : / \B'(re i0 )\ q d9 < 



C 



[l-r)P-i Jo ~ (1 - r)P~ l h(l - r) 

Finally, as r — > 1, Lemma 12.11 also assures that C can be replaced by any small 
positive constant if lim^ h(t)/t 1 ~ q = 0. □ 

Now, we can apply Theorem 13. II for the special function defined in (11.71) . 
Case I: If 



oo 

- ^)°(l0g T^)^ " " " (l0g m -—-)<*- < 

71=1 

then, for any 



p > max{o, 1 — a} 



8 EMMANUEL FRICAIN, JAVAD MASHREGHI 

we have 

f * = (1 _ r)w - 1(log gi,.., log ^ )a , . (r - I)- 

In particular, if 

oo 

J2(l-r n ) a <oc, 

n=l 

with a G (0, 1/2), then, for any p > 1 — a, 

\B'(re ie )\ p d0 = ^ 1 ; (r->l), 

which is Kutbi's result. Moreover, if a G [1/2,1), the last estimate still holds for 
any p > a, which is Protas's result [T6] . 
Case II: If 

oo 

£(1 - r n ) Q (log, )«* ■ ■ ■ (log m )»» < oo, 

with a G (0, 1/2), a, < and atk+i, • • ■ , a m G M, then, 

r \ B '^ w )\ 1 ~ a de = n 1 w^71 (r - 1). 

But, if 

oo 

]T(1 - r n ) a < oo, 

n=l 

with a G (0, 1/2), then 

/ |B / (re ie )| 1 - a ^ = 0(l), (r->l), 

i.e. B' G which is Protas' result [T5j . 

Case III: If 

oo 

£(1 - r n ) Q (log fc )«* • ■ ■ (log m )- < oo, 

i 1 - r n l-r n 

n=l 

with a G (1/2, 1), a fc > and ctk+i, •••,«„£!, then, 
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However, if 

OO 

- r„)* < oo, 



n=l 



with a G (1/2, 1), then we still have 



*\B , (re»)\°d0= {1 °M 2a _ 1 , (r- 

4. H p MEANS OF HIGHER DERIVATIVES 



Straightforward calculation leads to 
(4.1) / \B®{re u )\*dB<C(p,£) V - 



'1-rJ* ,1 . 1 



^ (1 -rrnY'+VP- 1 ' 

which is a generalization of ( 13.11) . This observation along with Lemma [24] enable us 
to generalize the results of the preceding section for higher derivatives of a Blaschke 
product. The proof is similar to that of Theorem 13.11 

Theorem 4.1. Let B be the Blaschke product formed with zeros z n = r n e l0n , n > 1, 
satisfying 

oo 

/]h(l - r n ) < oo 

n=l 

for a positive continuous function h. Suppose that there is q G (!/(£+ 1), 1/1] such 
that h(t)/t q is decreasing and /i(t)/t 1_£l3 is increasing on (0, 1). Then, for any p > q, 

2W \B^(re w Wd8 



(1 _ r )/p-i h(l - r ) ' v r 
Moreover, iflim t ^oh(t)/t l ~ q = 0, then 0(1) can be replaced by o(l). 

Now, we can apply Theorem 14. II for the special function defined in (11.71) . 
Case I: If 

oo 

£(i - r n nio g T ^r ■ ■ ■ Gog™ T^r- < oo, 

n=l 1 r n 1 T n 

then, for any 

p > max{a, (1 — a)/£} 
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we have 

In particular, if 

oo 

- r„) B < oo, 

n=l 

with a G (0, l/(£ + 1)), then, for any p > (1 - 

VWT^ ^L-i , (r-1), 

which is Kutbi's result. Moreover, if a G [l/(^ + 1), 1), the last estimate still holds 
for any p > a, which is Gotoh's result [7] . 
Case II: If 

oo 

£(1 - r„) Q (log fc r ■ ■ ■ (log m z )° m < oo, 

^ l-r n l-r„ 

with a G (0, 1/(1 + £)), < and cufc+i, • ■ ■ ,a„Gl, then, 

f V \B^\re^-^ dd = 1 - , (r - 1). 

7o log, t== Q * • • • log m ^ V*™ 



But, if 



with a G (0, 1/(1 + f)), then 



a < +oo, 



n=l 



2tt 



|BW(re M )| (1 - a)/ 'd0 = 0(1), (r -> 1), 



i.e. G H^-^l l which is Linden's result p]. 
Case III: If 

oo 

£a - r n r (io gk - — r ■ ■ ■ (lo^ , — 

n=l 

with a G (1/(1 + £), 1), ccfc > and c^+i, • • • , a n G K, then, 

/ * \B^(re i9 )\ a dd = ^ 

Jo ' ^ j ' (l-r)^"Hlog fc ^:)----(log mT ^)< 



< oo, 



(r-1). 
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However, if 

oo 

-r B )° <oo, 



n=l 



with a G {!/{£ + 1), 1), then we still have 



^ 0(1 







^^)| a ^= (1 _ r) (mM ' C^ 1 )" 

5. A? MEANS OF THE FIRST DERIVATIVE 

In this section we apply Lemma 12.11 to obtain a general estimate for the integral 
means of the first derivative of a Blaschke product. Special cases of the following 
theorem generalize Protas's results [T5] . 

Theorem 5.1. Let B be the Blaschke product formed with zeros z n = r n e zdn satis- 
fying 

oo 

y]fc(l - r„) < oo 

n=l 

for a positive continuous function h. Let 7 G (—1,0). Suppose that there is q G 
(1 + 7/2,1] such that h(t)/t q is decreasing and h[t) /t 2+1 ~ q is increasing on (0,1). 
Then, for any p > q, 

Moreover, if\im t ^ h(t)/t 2+ ^- q = 0, then 0(1) can be replaced by o(l). 



Proof. We saw that 



\B'(rpe* e )\ q <J2 ri 



Hence 
(5.1) 



fl-rj« 



/ / |S'(rpe i0 )|^ p(l - p 2 Vdp d6<Cj2j7 
Jo Jo „ , U 



n=l 



(Here we used 2q — 7 — 2 > 0.) Therefore, by Lemma [2. II 

-1 /.27T 



^ jj \B'{rpe ie )\« p(l- p 2 ydpd6< — 



C 



r y-7-2fi(l - r) 



12 
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Hence, for any p > q, 



1 r 2iT i /■! i-2-e 




\B\rpe ie )\ p p{l-p 2 ydpdd < — - / / \B\rpe^ p(l-p 2 ydpd9 

o Jo K 1 ~ r ) Jo 




c 



(1 - r)P"T~ 2 h(l - r) ' 
Finally, as r — > 1, Lemma 12.11 also assures that C can be replaced by any small 
positive constant if lim^ h{t) /t 2+1 ~ q = 0. □ 

Now, we can apply Theorem 15.11 for the special function defined in (11.71) . 
Case I: If 

oo 

£(1 - r B ) a (]og ) ai ■ ■ • (log m T m < oo, 

and if 7 G (—1, a — 1), then, for any 

p > max{ a, 2 + 7 — a, 1 + 7/2 }, 

we have 

•1 r 2w 



[ [ ^ \B\rpe ie )\ p p(l - p 2 ydp d6 = — — °(}\ =- 

as (r — * 1). In particular, if 

]T(l-r n r <oo, 



1 w ' 



n=l 

then 

-1 rl-n 



\B\rpe*)\v p{l-p 2 Vdpd6- {i _ r)p+a _ i _ 2 . 



o(l) 



Case II: If 



00 

£(1 - r n nio gfc - — )-* • ■ ■ (i ogm - — r- < 00, 

^— ' 1 — r„ 1 - r„ 



ra=l 



with «fc < 0, then, for any p > 1 

-1 />2tt 



|S'(rpe^)r p(lV) - 1 ^ de = 7; ^TTTl °M: n ryT> (r - !)■ 

io (l-r)P Mlogfc— ) Qfc "--(log m — ) am 
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Case III: If 

oo 

X>-r n ) Q <oo, 



n=l 

then, for any p > 1, 

•1 />2tt 



jf JJ \B'{rpe i6 )Y p{l-p 2 Y- l dpd6 = - i 



0(1) 



In particular, for p — 1, 

•1 /-27T 



/ r\B'{rpe i6 )\ p(l-p 2 r~ 1 dpd6 = 0(l), 
Jo Jo 



which is the Protas' result [15J. 

Some other cases can also be considered here. But, since they are immediate 



consequence of Theorem I5.lt we do not proceed further. Moreover, using similar 
techniques, one can obtain estimates for the A? means of the higher derivatives for 
a Blaschke product satisfying the hypothesis of Theorem 15.11 

6. Interpolating Blaschke products 

Cohn's theorems 11.41 and 11.51 imply that if z n = r n e l0n , n > 1, is a Carleson 
sequence satisfying 

oo 
n=l 

for some p £ (2/3,1), then /' £ H 2p ^ p+ ^ for all / £ K B . The following result 
generalizes this fact. 

Theorem 6.1. Let z n = r n e t6n , n > 1, be a Carleson sequence satisfying 

y^/t(l - r n ) < oo 

n=l 

for a positive continuous function h. Let B be the Blaschke product formed with 
zeros z n , n > 1. Suppose that there is p £ (2/3, 1) such that h{t)/t p ^ 2 is decreasing 
and h(t)/t l ~ p is increasing on (0, 1). Then, for all f £ Kb, we have 



c 



r)P" 1 /i(l - r)y/P : 



14 

with a = 
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2p/(p + 2) and C an absolute constant. 



Proof. Since (z n ) n >i is a Carleson sequence, we know that the functions 

fn(z) := (1 ~ r _ n)1/2 , (n > 1), 
1 - z n z 



N 



n=l 



form a Riesz basis of K B (see [2] for instance). Now, let / = '^^/3 n fn, Pn £ C. 
Then 

and thus we get 

n=l 1 n 1 

Since p G (2/3, 1), we have a G (1/2, 1) and we can write 

| f ^ r< f ltf(l-^ /2 

n=l 1 1 

Therefore, 

-27r AT r 2n 



rZTT ly n 

/ \f(re ie )\ a d9 < ^1^(1-0^ / 

iV 



d9 



|1 - z n re* 



|2ct 



, (i-r n r /2 

(1 - rr n ) 2a - 1 ' 



71=1 

Let p' = 2/a and let g' be its conjugate exponent. Then Holder's inequality implies 
that 



,2tt / \ L ' p ( N 



(1 - rr„)( 2,J - 1 ) ( ?' 

But since (f n )n>i forms a Riesz basis of Kb, there exists a constant ci > such that 

N 



n=l 
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whence 



r 2n ( N 



Now easy computations show that q' = £±2 ; ag' = p, (2a — = 3p/2 — 1 and 
therefore, by Lemma 2.1, we have 

^ (1 - rr n )( 2ff - 1 )«' - (1 - r)P- l h(l - r) ' 

n=l ' 

where C is a constant independent of N. We deduce that 

2W I f (re ie )\ a d6 < c A1Ml 

Since l/cr</ = 1/p, and using a density argument, we get that for all / £ Kb, 
^ \f(re ie )\ a d9] 1/a < C ^ ll/I12 



o 



((1 -r)P- x h{l -r)y/p' 



□ 



Now, we can apply Theorem 16. II for the special function defined in (11.71) . 
Case I: If z n = r n e tdn , n > 1, is a Carleson sequence satisfying 

oo 

£(1 - ^) Q (l0g )^ ■ ■ ■ (l0g m , < OO, 

*— ' 1 — r„ 1 — r„ 

n=l n n 

with p £ (2/3, 1), 1 — p < a < p/2, and a±, . . . , a m £ E, then, for all / £ Kb, we 
have 

\f{rj e )\ a d6) < 



( (i _ r )«4*-i (log T l-)« 1 ■ ■ ■ (l ogm ) Vp: 

with <j = 2p/(p + 2) and C an absolute constant. 

Case II: If z n = r n e tdn , n > 1, is a Carleson sequence satisfying 

oo 

£(1 - r^^Qog, )«* ■ ■ ■ (log m , )° m < oo, 
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with p G (2/3, 1), k > 1, a*;, aifc+i, . . . , a m £ K, and < 0, then, for all / G i^s, we 
have 

»2tt \ V CT 



l/VT^) < — , (r-1), 

' ' ) ~ ((log fcT ^)-"--(log mT ^)-) 1/?3 

with a = 2p/ (p + 2) and C an absolute constant. However, if 

oo 

£)(l-r n ) 1 - p <oo, 

n=l 

then we still have 

2 V(^T^1 7 <C|l/ll2, (r-1), 



o / 

i.e. /' G H 2p ^ p+2 \ for any / G A' B , which is Cohn's result. 

Case III: If z n = r n e n , n > 1, is a Carleson sequence satisfying 

oo 

£(1 - r n ) p/2 (log fc ) a « ■ ■ ■ (log™ )"» < oo, 

with p G (2/3, 1), fc > 1, ak+i, ■ ■ ■ , &m G K., and a, > 0, then, for all / G i^s, we 
have 

\f{re ld )\ a d6) < 



( (1 - r)*/»-i (log, • • • (log m 

with a = 2p/ (p + 2) and C an absolute constant. However, if 

oo 

^(l-r n y/ 2 <oo, 

n=l 

then we still have 

\^X /a < C\\f\\ 2 

I m ) - (1 _ r )(3p-2)/2p- 

Using similar techniques we can obtain some results about the A p means of the 
derivatives of function in the model subspaces of H 2 . 



o 
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Theorem 6.2. Let z n = r n e tdn , n>\, be a Carleson sequence satisfying 

oo 

^2,h(l - r n ) < oo 

n=l 

for a positive continuous function h, and let B be the Blaschke product formed with 
zeros z n , n > 1. Let p £ (2/3, 1), a = 2p/(p + 2) and — 1 < 7 < 2a — 2 snc/i £/ia£ 
h(t)/t p / 2 is decreasing and h(t) /t( 1 ~p)+( 1+ '>')( 1+ p/ 2 ) increasing on (0, 1). Then, for 
all f £ -Kb, we /mve 

" |/'(rpe^)r p(l-p 2 )^pd^ ' < 



JO J " ((1 _ r )-(l-p)-(l+7)(l+p/2)/i(l _ r )) 

as r — > 1~. 

Proof. The beginning of the proof is as of Theorem 16.11 until 



1/p 



Zrt. z 



2a 



n=l 

Therefore, by Holder's inequality (with p' = 2/ a and q 1 its conjugate exponent) and 
by Lemma 2.1, we have 

/' f \fir P e-r p(l - Wip* < ± | Ar( l - rj./- /' f* ffj/^* 

J */ 72 = 1 J J I Tl r I 

-i-r„w 2 



n=l ^ 



\2cr-7-2 



< c 



* \ / N (I r W/2 x W 



,n=l 



< 



J (1 _ rr . n )(2 < T- 7 -2)g' 

(l-r„r'/2 



iV 

n=l v nJ 



d'wm 



((1 _ r )-(i-p)-(i+7)(i+p/2) _ r)) 1/<? '' 

□ 
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Now, we can apply Theorem 16.21 for the special function defined in (11.71) . 
Case I: If z n = r n e t6n , n > 1, is a Carleson sequence satisfying 

oo 

n=l n n 

with p G (2/3,1), ct = 2p/(p + 2), -1 < 7 < 2(7-2, and (1 -p) + (1 +7)(1 +p/2) < 
a < p/2, then, for all / G -?Cb, we have 

1 r 1-K \ 1 / a 

\f{rpe a )\' p(l-p 2 ydpd6 




J 



( (1 _ r)Q -(l- P )-(l +7 )(l +P /2) (lQg . . . (logm _i_ )am ) 1 / p 

as r — > 1~. 

Case II: If z n = r n e* e ", n > 1, is a Carleson sequence satisfying 

00 

V(l - r n )( 1 -rt+( 1 ^)( 1+ ^ 2 ) (log, )°* ■ • • (log m )°~ < 00, 

t^i 1 - r " 1 - r " 

with p G (2/3, 1), a = 2p/(p + 2), -1 < 7 < 2a - 2, a fc , a k+1 , . . . , a m G E, and 
a, < 0, then, for all / G we have 




'0 </o 

as r — »• 1~. However, if 



( (log fc T^) Qfc • • • (log m ) 



1/p 



^(l_ rn )(l-p)+(l+7)(l+ P /2) <QO) 



71=1 

then, we still have 



1 /.27T \ V CT 

/'(rpe te )r p(l-f?ydpdB) <C\\f\\. 




</o 



which means that 

£ ^2p/(p+2)^ 
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and the differential operator 

K 42p/(P+2) 
/ ^ /', 

is bounded. 

Case III: If z n = r n e n , n > 1, is a Carleson sequence satisfying 

oo 

J> - r n ) p/2 (log, r ■ ■ ■ (log™ i )" m < oo, 

i 1 - r„ 1 - r n 

n=l 

with p G (2/3, 1), cr = 2p/ (p + 2), —1 < 7 < 2a — 2, a fc , a^+i, • • • , «m £ K and 
0^ > 0, then, for all / G we have 

/ |/'(rpe^)r p(l-p 2 ydpd9 
Jo 

< Cll/lb 



( (1 _ r )(3p/2-l)-(l +7 )(l +P /2) (logfe _L_ )ak . . . (lQgm _L_ )am ) 

as r — > 1~. However, if 



i/p 



r„) p/2 < 00, 



- ) 

n=l 

then, we still have 



'0 «/ 
as r — > 1~. 



(1 _ r )((3p/2-l)-(l+7)(l+P/2))/p 
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